In the case of one-dimensional cellular automaton (CA), a hybrid CA (HCA) is the member whose evolution of the cells is dependent on nonunique global functions. The HCAs exhibit a wide range of traveling and stationary localizations in their evolution. We focus on HCA with memory (HCAM) because they produce a host of gliders and complicated glider collisions by introducing the hybrid mechanism. In particular, we undertake an exhaustive search of gliders and describe their collisions using quantitative approach in HCAM (43, 74). By introducing the symbol vector space and exploiting the mathematical definition of HCAM, we present an analytical method of complex asymptotic dynamics of the gliders.
Introduction
Cellular automata (CAs) are dynamical systems discrete in time and space: the next state of each cell depends solely on its current neighborhood configuration [Von-Neumann, 1966] . One of the most interesting subjects about CAs is that a kaleidoscope of marvellous spatiotemporal patterns can continuously spring up from apparently simple rules. The patterns guide us on the trips into the depths of the field of the computing universe [Adamatzky & Martínez, 2016] . Significantly, elementary cellular automaton (ECA) is a one-dimensional array of finite automaton, each one has two states and updates its state in discrete time depending on its own state and states of its two closest neighbors synchronously [Wolfram, 1983 [Wolfram, , 1984 [Wolfram, , 1986 . Wolfram informally divided the 256 ECA rules into four classes using dynamical concepts -stability, periodicity, chaos and complexity [Wolfram, 2002] . Notably, it is worth mentioning that ECA rule 110, belonging to complexity, has been proved universal via simulating a cyclic tag system [Cook, 2004] .
Conventional CAs are Markovian (ahistoric, memoryless for 1). In order to extend ECA rules, Alonso-Sanz originally proposed ECA with memory (ECAM), whose each output cell is allowed to remember its previous states during a certain fixed period of evolution [Alonso-Sanz & Martin, 2002 , 2003 , 2004 , 2006 . The memory mechanism is roughly divided into embedded memory and delay memory, each of which can be subdivided into several types ulteriorly. For example, the work [Martínez et al., 2013] explored three delay memory functions -majority, minority and parity. This way, any ECA class can be transformed to another ECA class -without changing the skeleton of cell-state transition function -and vice versa by just selecting an appropriate kind of memory. For instance, under particular majority memory functions, rule 30 and rule 126 are endowed with complex gliders phenomena. Their morphological complexity and glider dynamics are analyzed in [Martínez et al., 2010a [Martínez et al., , 2010b by mean field approximation, representation of tiles, basins of attraction, De Bruijn diagrams and so on. After classifying and coding the gliders, glider collisions are also explored in detail. In addition, there are many more research on CA with memory, see [Alonso-Sanz, 2013 , 2016 and references therein.
Here, we briefly introduce the definitions of ECAM and hybrid CA (HCA). Each ECAM rule is composed of the memory function and the original ECA rule. In particular, for the memory function in [Chen et al., 2015] , the number of cells performing memory is three (τ = 3); that is, the memory values are determined by the last three states of each cell. Furthermore, we regard minority memory as a function, which implies the ability of recording the values that have the minimum number of the corresponding last three states of each cell. For the cells at the moment, a row of memory values can be calculated. Then, the row of cell states at the next moment can be obtained via implementing the original ECA rule. On the other hand, in the case of one-dimensional CA, when the evolution of every single cell is only dependent on the unique global function, the CA is called uniform, otherwise it is called hybrid. Denoted by HCA(N, M ), HCA rule composed of ECA rule N and ECA rule M , is specified to obey the ECA rule N at odd sites of the cell array and obey the rule M at even sites of the cell array [Cattell & Muzio, 1996; Bingham & Bingham, 2007] . Although the simple rules of HCA act on the same square tile structures, HCA may exhibit complex dynamical behaviors through local interactions.
Let the memory function (τ = 3) be a concrete ECA rule, this paper conceives a particular extended ECAM model -hybrid cellular automata with memory (HCAM). One interesting question is whether the complicated dynamical behaviors can be captured in HCAM rules. Based on large amount of computer simulations and empirical observations, we list a multitude of HCAM rules of newfound and strong nonlinear spatiotemporal patterns.
In particular, though ECA rule 43 and rule 74 have simple evolution patterns respectively, HCAM(43, 74) sparks off a series of different gliders and collisions because of the interaction of two local rules. In general, gliders are localized structures of nonquiescent and nonether patterns (ether represents a periodic background) translating along the automaton's lattice. Importantly, as gilders are crucial components of conception and simulation of the universal computing model, the concrete rules with a great variety of gliders have captured special attention in a series of CA research work [Martínez et al., 2010a; Cook, 2004; Freire & Gallas, 2007; Chen et al., 2012; Martínez et al., 2014] . It leads to an intriguing possibility: HCAM(43, 74) is an ideal candidate for the universal computing. In this paper, we are devoted to expanding an analytical characterization of symbolic dynamics analysis of the gliders with the HCAM rules.
The rest of this article is organized as follows: Section 2 presents several definitions of HCAM rules and introduces the HCAM(43, 74). After classifying and coding the gliders in HCAM(43, 74), the collision formula are depicted in Sec. 3 through ether and glider factors. Furthermore, by introducing the symbol vector space and exploiting the mathematical definition of HCAMs, Sec. 4 investigates in detail the dynamical properties of glider f by directed graph representation and transition matrix in the framework of symbolic dynamics. It is worth mentioning that the method is easy to apply to all other gliders in HCAM (43, 74) or different HCAM rules. Finally, Sec. 5 highlights the main results. 
The Introduction of HCAM(43, 74)
First and foremost, following [Zhou, 1997; Kitchens, 1998 ], several terminology and notations are the necessary prerequisites to the rigorous consideration of this subject. The set of biinfinite configurations is denoted by
, 
According to the definition of ECAM [AlonsoSanz & Martin, 2003; Martínez et al., 2013] , a memory function φ is implemented as follows: s
i ) T , where 1 ≤ τ ≤ t determines the degree of memory and φ i denotes the ith symbol of global memory function φ. Thus, τ = 1 means conventional evolution, whereas τ = t means unlimited trailing memory. Each cell trait s i ∈ S is a state function of the states of cell i with memory backward up to the value τ . The memory implementation selected in this analysis commences to act as soon as t reaches the τ timestep. Initially, i.e. t < τ, the automaton evolves in the conventional way. Furthermore, the original rule is applied on the cell states s to get an evolution with memory as:
As is to be expected, if we set the memory function as a concrete ECA rule, a kind of hybrid CA evolution function will be composed of a pair of ECA rules. Denoted by HCAM(N, M ), a hybrid CA rule is composed of ECA rule N and ECA rule M , which is specified to obey the ECA rule N in the vertical direction -s
Then, the dynamical behavior of ECA rule M will also be changed in a subtle way. A schematic diagram of HCAM rule is provided in Fig. 2 .
The spatiotemporal patterns of HCAM(43, 74) are displayed in Fig. 3 . It is noted that all patterns Automaton with Memory Rule(43, 74 ) in this paper are studied under the periodic boundary condition. By designing a single filter of ether, the gliders are easy to be distinguished from each other.
Glider Collisions in Hybrid Cellular
Here, several computer experiment methodsHamming distance, Jaccard distance, and Lameray diagram -are applied to explore the complexity of dynamical evolution process of three configurations in HCAM (43, 74) . We compute the Hamming distance and Jaccard distance of each adjacent states, then draw the simulation diagrams according to the data.
Given two states in chronological order x (t) and x (t+1) , each with n cells, the Jaccard coefficient is a useful measure of the overlap that x (t) and x (t+1) share with their states. Each attribute of x (t) and x (t+1) can either be 0 or 1. The total number of each combination of cells for both x (t) and x (t+1) are specified as follows: n 11 represents the total number of cells where x (t) and x (t+1) both have the value of 1; n 01 represents the total number of cells where the attribute of x (t) is 0 and the attribute of x (t+1) is 1; n 10 represents the total number of cells where the attribute of x (t) is 1 and the attribute of x (t+1) is 0; n 00 represents the total number of cells where x (t) and x (t+1) both have a value of 0. Each cell must fall into one of these four categories, meaning that n 11 + n 01 + n 10 + n 00 = n. The Jaccard similarity coefficient, J, is given as J = n 11 /(n 01 + n 10 + n 11 ). The Jaccard distance,
The Hamming distance between x (t) and x (t+1) , for the fixed length n, is the number of positions at which the corresponding symbols are different, which measures the minimum number of substitutions required to change x (t) into x (t+1) . Furthermore, we standardize each distance value (divide n) An instructive way to analyze its dynamics is to plot the Lameray diagram starting from any generic initial point, and observe how its "cobweb" evolves from this initial point step by step. In [Chua et al., 2005; Chua et al., 2008] , the equation of each state is the decimal equivalent of string (x t 0 , . . . , x t n−1 ) defined by
However, we modify the equation to calculate the number of 1 in each string which is defined by
This change has less impact on the empirical observation.
Glider Collisions in HCAM(43, 74)
In order to gain further insights into the rich dynamics of HCAM ( 
Not all rows of the ether unit have six cells. In the process of ether matching, the remaining empty sites will be filled by the adjacent ether unit. And the whole background of ether can be obtained by splicing this ether unit repeatedly without any gap or overlap. To help visualize this, Fig. 7 provides a schematic diagram of ether matching according to the definition of tile in [Martínez et al., 2014] .
Classification and codings of gliders
Besides the ether unit, the shift configurations without arbitrary combination of diverse gliders are called original gliders (OGs). The OGs are the independent gliders which cannot be decomposed into smaller ones. However, if several OGs have the same velocity, they will probably be assembled together and there are no ether units among them. These shift configurations are explicitly considered as the new gliders -composite gliders (CGs). In a survey of spatiotemporal patterns of HCA(168, 133), several OGs and CGs which have occurred frequently are recorded as different codings. The spatiotemporal patterns of 122 OGs and CGs are presented in this paper.
As different types of CGs can be assembled together by the same OG, we introduce the following codings of CGs. Let ξ be a concrete label of OG.
(1) The ξ n , n = 1, 2, 3, . . . , and ξξ · · · ξξ stand for the glider which are composed of two or more same ξ in two ways. As an example, the gliders i 2 and ii are recognized as simple superposition of two OG i in two ways. (2) The n ξ, n = 1, 2, 3, . . . , stand for the complicated variants of glider ξ (not the simple composite) according to "With". (3) The ξ n , n = 1, 2, 3, . . ., stand for the different complicated variants of glider ξ (not the simple composite) according to "With".
The spatiotemporal patterns of 66 OGs and CGs are illustrated in Fig. 8 , and the others are placed in Appendix A. Since the evolution of HCAM(43, 74) is of high complexity and the collisions of different gliders can spark off new gliders, not all gliders are enumerated here. Table 1 presents the properties of gliders, where the "Gliders" column shows the labels of gliders, the "Velocity" column shows the shift features of gliders and the "With" column indicates maximal and minimal sizes of gliders. For any given glider, the velocity is calculated from its shift number divided by its period. The plus sign denotes that the glider shifts to right, and the minus sign denotes that the glider shifts to left. If a concrete glider is assembled together by the same OG, the "With" column also lists some examples which often appear in the patterns. By the way, the spatiotemporal patterns of three fusions are shown in Fig. 9 .
In order to exploit the mathematical definition of collisions between two gliders in HCAM(43, 74), we perform a qualitative analysis of collision formulae via one-dimensional strings and introduce the ether factor and glider factor, which are denoted by E and [ξ] respectively. Here, ξ is a concrete label of glider. Firstly, the ether factor The ether factor is determined by the shift characteristic and width of ether unit. Then, the glider factor [ξ] is introduced which refers to a row cell state of the glider ξ under the background of the ether. If the glider ξ has the period M , it has M different glider factors. For example, because the glider a has the period 5 according to Table 1 , there are five glider factors and each one can produce the entire glider a after the evolution of five time steps. In general, for a pair of gliders ξ and η with different velocity, there are two scenarios: when particular kinds of glider factors [ξ] and [η] are chosen, the collision results are periodically variational owing to the different numbers of ether factor between [ξ] and [η] . However, when the different kinds of glider factors [ξ] and [η] are chosen for the same gliders, the collision results are possibly not coincident with the above results. For convenience, we only select a fixed glider factor for each glider, and it has no effect on the observations of complex collisions concerning two gliders in this subsection. The abbreviations of the glider factors are provided in Table 2 .
Specially, glider factors are captured as NE ∪ [ξ] ∪ NE , the natural number N represents the number of ether factor. Subsequently, the collision results depend on a periodic manner according to the different number of ether factors between two gliders. Let Q denote the value of this period. Each collision formula is introduced as
where QN + I is the number of ether factor E between two gliders, N is a natural number and I = 1, 2, . . . , Q. However, if the two gliders have 
A Symbolic Dynamics
Perspective of the Gliders in HCAM
The fundamental concepts of symbolic dynamics
In order to introduce a symbolic vector map F in the following, the original symbolic space S Z must be extended to symbolic vector space
where T refers to the transposed operation. Thus, the metric d * on S Z n is defined as
Obviously, d * satisfies the distance conditions of non-negativity, symmetry and transitivity. Consequently, the definition of symbolic vector map F :
x (2) . . .
where f : S Z → S Z is the symbolic sequence map [Chen et al., 2012; Zhou, 1997] . (S Z n , F ) is a compact dynamical system. Definition 4.1. F is chaotic on S Z n in the sense of Li-Yorke if
We say X ∈ S Z n is a n-periodic point of F if there exists the integer n > 0 such that F n (X) = X. Let P (F ) stand for the set of all n-period points, that is,
is fixed point. Then, F is said to be topologically transitive if for any nonempty open subsets U and V of S Z n there exists a natural number n such that F n (U ) ∩ V = ∅. P (F ) is called a dense subset of S Z n if, for any X ∈ S Z n and any constant ε > 0, there exists a Y ∈ P (F ) such that d(x, y) < ε. F is sensitive to initial conditions if there exists a δ > 0 such that, for X ∈ S Z n and for any neighborhood B(X) of X, there exists a Y ∈ B(X) and a natural number n such that d(F n (X), F n (Y )) > δ. Definition 4.2. F is chaotic on S Z n in the sense of Devaney if (1) F is transitive; (2) P (F ) is a dense subset of S Z n ; (3) F is sensitive to initial conditions.
Let R ⊂ S Z n be called a (n, ε)-spanning set iff for any X ∈ S Z n and any constant n > 0,
. . , n − 1. Thus, r n (ε, S Z n , F ) stands for the infimum of cardinal number of (n, ε)-spanning set with F . The Bowen's topological entropy is defined as follows:
In addition, F is topologically mixing if there exists a natural number N such that F n (U ) ∩ V = ∅ for the entire n ≥ N .
Theorem 1 (1) F is chaos in the sense of Li-Yorke and this can be deduced from positive topological entropy. (2) F is chaos in the sense of Devaney and Li-
Yorke and this can be deduced from topologically mixing.
For instance, fixed point set and periodic point set are two types of simple attractor. Furthermore, there always exists a global attractor, denoted by
which is also called the limit set of F .
As every column of X is
of elements of S Z n . Let A denote a set of some finite n × i-word blocks over S Z n , and Λ = Λ A is the set which consists of the bi-infinite configurations made up of all the word blocks in A. Then, Λ A is a subsystem of (S Z n , σ), where A is said to be the determinative system of Λ. For a closed invariant subset Λ ⊆ S Z n , the subsystem (Λ, σ) or simply Λ is called a subshift of σ.
In order to find the subsystem of finite type, it is important to assume that the initial configurations of original stipulation shall be applicable, mutatis mutandis, to the mathematical definition of ECAM rules. When t < 3, the first three lines of cell array of HCAM (43, 74) are all regarded as the random initial configurations; that is, the second and third lines of cell array are not regarded to be the evolution results of the first line according to the ECA rules. When t ≥ 3, it evolves following the original approach. Consequently, the new evolution rule F will be conformed to the mathematical definition of the function.
At the moment, let n = 3, then
Analogously,
Based on the above analysis, the functional form of F t is defined as
where t ∈ N and t ≥ 3.
Complex shift dynamics of gliders
In the following, an analytical method on the discussion of the symbolic dynamics of the gliders in HCAM(43, 74) is carried out. For each glider, a particular subsystem of (S Z 3 , F ) can be found through enumeration and computer programming. Then, the key question is whether the evolution function is topologically mixing and possesses the positive topological entropy on this subsystem. For clarity and convenience, only the glider e is described in detail.
Proposition 1. For glider e, there exists a subset
where 580168 185926 430614), (290084 92963 739595), (145042 46481 894085), (596809 547528 447042), (822692 273764 223521), (411346 136882 111760), (729961 592729 580168), (364980 296364 290084), (706778 148182 145042), (877677 598379 596809), (438838 299189 822692 where the integers are respectively decimal code expressions of three lines string.
In a nutshell, directed graph theory provides a powerful tool for studying the infinite configurations. A fundamental method for constructing finite shifts starts with a finite, directed graph and produces the collection of all bi-infinite walks (i.e. strings of edges) on the graph. A graph G(V, E) consists of a finite set V of vertices (or states) together with a finite set E of edges. Λ A can be described by a finite directed graph G A , where each vertex is a 3 × 20-block in A. Each edge e ∈ E starts at a block denoted by (X 3×20 ) ∈ A and terminates at the string (X 3×20 ) ∈ A if and only if 
One can represent each element of Λ A as a certain path on the graph G A . The entire bi-infinite walks on the graph constitute the closed invariant subsystem Λ A . The finite directed graph Λ A , is shown in Fig. 10 . (54, 55), (55, 56), (56, 57), (57, 58), (58, 59), (59, 60), (60, 61), (61, 62), (62, 63), (63, 64), (64, 65), (65, 66), (66, 67), (67, 68), (68, 69), (69, 70), (70, 71), (71, 72), (72, 73), (73, 74), (74, 75), (75, 76), (76, 77), (77, 18), (78, 79), (78, 195), (79, 80), (80, 81), (81, 82), (82, 83), (83, 84), (84, 85), (85, 86) (189, 190), (190, 191), (191, 192), (192, 193), (193, 194), (194, 77), (195, 196), (196, 197), (197, 198), (198, 199), (199, 200), (200, 201), (201, 202), (202, 203), (203, 204), (204, 205), (205, 206) , (206, 207), (207, 208), (208, 209) Proof. The positive topological entropy implies chaos in the sense of Li-Yorke. Meanwhile, both the chaos in the sense of Devaney and in the sense of Li-Yorke can be deduced from topological mixing.
Remark 4.2. As a result, the dynamics of extant gliders can be analyzed and their dynamical characteristics are explored by the above method.
Concluding Remarks
Motivated by the cited works, HCAM rule is conceived when the memory function (τ = 3) of ECAM rule is a concrete ECA rule. It is of interest in that a multitude of HCAM rules endowed with newfound and strong nonlinear spatiotemporal patterns are discovered by computer simulations and empirical observations. To cite a concrete case, HCAM(43, 74) have a host of gliders and complicated glider collisions. After classifying and coding the gliders that frequently occurred in HCAM(43, 74), we describe their collisions by introducing ether factor and glider factors.
Furthermore, through exploiting the mathematical definition of HCAM, we preliminarily explore an analytical method on the discussion of the symbolic dynamics of the gliders in HCAM (43, 74) . Based on the directed graph representation and transition matrix, the evolution function of HCAM(43, 74) possesses the positive topological entropy and is topologically mixing on one subsystem of glider e. From the extant and newfound gliders, it is inferred that there exist many more chaotic subsystems. The method presented in this paper is also applicable to other HCAMs. In addition, the future work will be devoted to proving that HCAM(43, 74) is universal by simulating a cyclic tag system [Cook, 2004; Rendell, 2011 Rendell, , 2013 . 
